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Abstract—A fast analytical solution for the radiation field of
a microstrip antenna loaded with a generalized superstrate is
proposed using the cavity model of microstrip antennas in con-
junction with the reciprocity theorem and the transmission line
analogy. The proposed analytical formulation for the antenna’s
far-field is much faster when compared to full-wave numerical
methods. It only needs 2% of the time acquired by full-wave
analysis. Therefore the proposed method can be used for design
and optimization purposes. The method is verified using both
numerical and experimental results. This verification is done for
both conventional dielectric superstrates, and also for artificial
superstrates. The analytical formulation introduced here can be
extended for the case of a patch antenna embedded in a mul-
tilayered artificial dielectric structure. Arguably, the proposed
analytical technique is applied for the first time for the case of
a practical microstrip patch antenna working in the Universal
Mobile Telecommunications System (UMTS) band and covered
with a superstrate made of an artificial periodic metamaterial
with dispersive permeability and permittivity.

Index Terms—Artificial magnetic superstrate, cavity model,
metamaterials, microstrip antennas, split ring resonators.

I. INTRODUCTION

T HE addition of a superstrate layer over microstrip patch
antenna (MPA) has been reported to allow for the en-

hancement of the antenna gain and radiation efficiency [1]–[8].
Furthermore, superstrate layers are often used to protect the
MPA from its environment hazards, especially when placed on
aircrafts and missiles. Earlier publications were focused on un-
derstanding how the superstrate affects the resonant frequency
and subsequent power matching concerns [9]. While the gain
of MPAs can be increased by using planar arrays; a solution
mostly attractive because it does not change the vertical profile
of the antenna structure, arrays, however, need a feeding net-
work which introduces losses and design complications [10].

Several configurations of superstrates were used to improve
antenna radiation properties, such as dielectric slabs [11], [12],
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electromagnetic bandgap (EBG) structures [13], [14], highly-
reflective surfaces [8], and the most recently artificial magnetic
superstrates [7], [15].

Using magneto-dielectric materials with high positive perme-
ability and permittivity values as the superstrate of MPA de-
creases the wavelength in the media, leading to a lower profile
of the whole structure [2], [7]. In [16], the potential applica-
tion of magneto-dielectric materials as a superstrate to improve
the gain of MPA was investigated without considering physical
realization of the artificial superstrate. Latrach et al. [17] used
edge-coupled split ring resonator (SRR) inclusions to provide
artificial superstrate comprising alternately layers with negative
permeability and positive index of refraction materials to in-
crease the gain of patch antenna. In [7], an artificial magnetic
material based on the broadside-coupled split ring resonator
SRR inclusions was used as a superstrate for a MPA to increase
the antenna gain and radiation efficiency.

To analyze the composite structure (antenna with super-
strate), full-wave electromagnetic simulation tools which
utilize numerical methods are usually used. However, using
numerical methods to analyze metamaterials, or periodic struc-
tures in general, is an expensive computational task which
requires considerable computer resources. The primary reason
for such large computational burden is the resolution needed
to capture the quasi-static resonance behavior in the metama-
terial particles which are electrically very small. Therefore,
numerical methods may not be practical for real-world designs
that require several runs for optimization. Developing a fast
analytical method to analyze such structures, which is the
focus of this paper, can accelerate the design process, and also
provides optimization opportunities.

So far several analytical methods for calculating the far-field
of Hertzian dipole in multi-layer structure, has been reported in
literature [1]–[6] and [18], [19]. In [1], Green’s function and the
stationary phase integration approach were used to calculate the
gain of an infinitesimal dipole embedded in the top layer of a
two-layer dielectric structure. Additionally, in [1], it was shown
that a resonance condition may be created, whereby gain and
radiation resistance are improved over a significant bandwidth.
Later in [2], the reciprocity theorem and transmission line (TL)
analogy were used to provide asymptotic formulas for gain and
beamwidth of a Hertzian dipole embedded within a grounded
substrate and covered with a superstrate. In [18], [19], the TL
analogy method was used to compute the radiation patterns of
arbitrarily directed simple dipole source that is embedded in
a multilayered dielectric structure. Also, a dielectric resonator
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Fig. 1. Microstrip patch antenna covered by a superstrate.

antenna covered with plain dielectric superstrate was analyzed
[18]. The straightforward method proposed in this work based
on the cavity model avoids the need to use the particle swarm op-
timization (PSO) method used in [18] to obtain a set of Hertzian
dipoles representing the antenna to be analyzed using the reci-
procity theorem and TL analogy.

Although several attempts have been reported to develop an-
alytical methods, most of those works consider the case of a
simple infinitesimal dipole antenna covered with plain dielec-
tric superstrate [1]–[6] and [18], [19]. In this paper, we con-
sider a practical microstrip patch antenna working in the UMTS
band and covered with an artificial magnetic (metamaterial) su-
perstrate used for increasing the antenna directivity. The cavity
model of a MPA in conjunction with the reciprocity theorem
and the transmission line analogy is used to develop a fast ana-
lytical solution for the radiation field. The artificial superstrate
constituted by split ring resonators SRR printed on both sides
of a dielectric slab is characterized analytically by obtaining its
effective permeability and permittivity.

The organization of this paper is as follows: in Section II, the
radiation patterns of a MPA covered with a generalized super-
strate layer at some distance in free space are calculated by re-
placing the MPA with two magnetic current sources based on
the cavity model and then using reciprocity theorem and the
TL analogy to compute the antenna directivity. In Section III,
the proposed analytical formulation is verified through a com-
parison with numerical full wave simulation results, where the
directivity of a MPA covered with different conventional super-
strates is calculated. Section IV shows the application of the an-
alytical technique to a MPA loaded with an artificial magnetic
superstrate to enhance the directivity of the MPA, experimental
results are used to validate the analytical formulation. Finally,
summary and conclusion are provided in Section V.

II. ANALYTICAL FORMULATION OF THE ANTENNA’S FAR-FIELD

The basic problem to be studied is shown in Fig. 1. A MPA is
covered with a superstrate layer at a distance in free space. The
MPA is printed on a grounded substrate of thickness having
relative permeability and permittivity of and , respec-
tively. At distance from the substrate is the superstrate layer
of thickness having relative permeability and permittivity of

and , respectively. To compute the far-field, first the MPA
is modeled as a dielectric-loaded cavity [20] and then the reci-
procity theorem and the transmission line analogy are applied
to the whole structure (the antenna with the superstrate).

A. Reciprocity Theorem

Assume , and , are two groups of sources radi-
ating inside the same medium generating the fields , , and

, , respectively. The sources and fields satisfy the Lorentz
Reciprocity Theorem in integral form [21], the formula is re-
peated here to make the discussion complete

(1)

In order to use the reciprocity theorem to compute the radia-
tion field of MPA, one need to consider the fields ( , , ,

) and the sources ( , , , ) inside a medium that is
surrounded by a sphere of infinite radius. Hence, the left side of
(1) is essentially zero and (1) is reduced to

(2)

According to (2), two problems need to be established. In the
first problem, the original radiating patch at is replaced
with an electric current source and/or a magnetic current
source (using the cavity model [20]) radiating an electric
field of and at the observation point of . In the
second problem, a fictitious dipole (reciprocity source) of
(choosing is equal to zero) at the same observation point
radiates a far-field of and at the original patch location
at . Our goal is to use (2) to formulate the far-field of the
MPA as .

B. Cavity Model of Microstrip Antenna

In order to use (2) to compute the far-field of the MPA loaded
with a generalized superstrate, the MPA should be replaced by a
set of electric and/or magnetic current sources. The cavity model
[20] of MPA to is used here to determine these equivalent cur-
rents.

The volume bound by the microstrip patch (located in the
- plane at ) and the ground plane can be modeled as

a dielectric-loaded cavity resonator by considering the top and
bottom walls of this volume as perfect electric conductor (PEC)
and the four side walls as ideal open circuit (magnetic walls).
The mode of concern here is the dominant transverse magnetic
mode ( ) which assumes a zero value of but a non-zero
value of . By using the expression of under ideal magnetic
side walls boundary condition, one can formulate the equivalent
magnetic current in the cavity’s apertures (side walls) using the
equivalence principle as . The resultant magnetic cur-
rents and will be -directed on the two cavity’s side
walls parallel to the - plane as shown in Fig. 2. The equivalent
electric current is very small (ideally zero) because
on the side walls. Hence, in (2) is equal to zero.

C. Formulating the Antenna’s Far-Field

According to the reciprocity theorem, a fictitious dipole (reci-
procity source) of (choosing ) at the observation
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Fig. 2. Equivalent magnetic current sources representing the patch antenna.

point is considered to radiate a far-field of and
at the patch antenna location at . Hence, (2) reduces to

(3)

The reciprocity source is assumed to have a value of
where for TM (parallel polarization) and

for TE (perpendicular polarization) incident wave on the
whole structure (the patch antenna with the superstrate). Hence,
(3) reduces to

(4)

The above equation will be used to obtain the radiation field
due to one of the two equivalent magnetic current sources

which can be the one at the radiation slot (i.e., ).
Then, by treating the two identical radiation slots (at and

) as a two-element array, the array factor can be used to
calculate the total radiated field of the MPA covered with
the superstrate, with the assumption that the existence of the
superstrate does not considerably affect the current distributions
in those two radiation slots.

It is observed from (4) that the field is determined at
the magnetic current source location (i.e., ) due to the reci-
procity source at the observation point in either or

direction. From the reciprocity theorem, is proportional
to the required radiation field due to the original patch
antenna at . The field near the multilayered structure
due to this reciprocity source is essentially a plane wave, and
therefore can be found at location by modeling each layer
as a transmission line segment (see Fig. 3) having a character-
istic impedance and propagation constant which depend on the
incident angle of . The propagation constants and the charac-
teristic impedances of the multi-section transmission line equiv-
alent model shown in Fig. 3 are derived from the oblique inci-
dence of a plane wave on a plane interface between two dielec-
tric regions [22] as follows:

Fig. 3. Transmission line equivalent model of the structure of Fig. 1.

For TE wave or perpendicular polarization

For TM wave or parallel polarization

where, ,
In case of TE incident wave ( ) from the reciprocity

source (infinitesimal dipole) located at the observation point
(see Fig. 4), the component of the far-field due to

this source at the location of is equal to

(5)
The functions depends on only and it represents the

current at (as midpoint in the radiation slot at ) in
the transmission line analogy (Fig. 3) due to an incident current
wave of strength .

A straightforward method to determine the current at
is to define the voltage and current on each transmission line
segment shown in Fig. 3 as

(6)
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Fig. 4. Coordinate system for computing far-field from the reciprocity electric
source � at the patch antenna’s radiation slot located at � � �.

(7)

where is the transmission line segment number. In
the model considered here, . Note that as the substrate
of the MPA is backed by a ground plane, . Also,

for the TE case. Then, by enforcing the con-
tinuity of the voltages and current at the boundaries of these
transmission line segments, one can calculate all the unknown
parameters ( and ) and hence solve for the required cur-
rent at . This straightforward method is extendable
easily to the case of MPA covered with any number of layers.

Substituting from (5) in (4), the far-field due to
the radiation slot at can be calculated. Due to the length
and straightforward nature of the derivation only the final result
is given here as follows:

(8)
where

Note that for ,
Similarly, the far-field due to the other radiation slot at

can be obtained. By adding the fields due to the two radiation
slots together, the total field (in direction) due to the MPA cov-
ered with the superstrate can be obtained. Another interesting
way to compute the total field of the MPA in the TE mode is
treating the two identical radiation slots (at and ) as a
two-element array. Hence, the array factor can be used to cal-
culate the total radiated field of the MPA covered with the
superstrate. Adopting the later method, the total field can be for-
mulated as

(9)

where

Similarly, in the case of TM incident wave ( ) from
the reciprocity source located at the observation point
(see Fig. 4), the total radiated field of the MPA covered with
the superstrate can be formulated as

(10)
The functions depends on only and it represents the

current at (as midpoint in the radiation slot at ) in
the transmission line analogy (Fig. 3) due to an incident current
wave of strength 1 A. Hence, in the transmission
line equivalent model ((6) and (7)). The functions can be
computed in the same way explained earlier in the case of .

Interestingly, the closed forms for the far-field given by (9)
and (10) agree well with the ones calculated using the con-
ventional vector potential approach [23] (see [23, Eqs (45) and
(46)]) when the superstrate is air (i.e., patch antenna in free
space) where and , this agreement
verifies the proposed analytical formulation.

The far-field of the MPA covered with the superstrate is calcu-
lated at the desired frequency using (9) and (10), and integrated
as follows to calculate the antenna directivity

(11)

where

III. RADIATION DUE TO A PATCH ANTENNA COVERED WITH

CONVENTIONAL SUPERSTRATE

In this section, the radiation patterns of a patch antenna cov-
ered with a conventional superstrate is investigated using the an-
alytical technique explained in the previous section and verified
using the commercial full-wave simulator HFSS.

In accordance with Fig. 1, assuming a MPA having dimen-
sions of 36 mm 36 mm, and printed on a substrate of Rogers
RO4350 having a relative permittivity of 3.48, loss tangent of

and a thickness of 0.762 mm. The patch is cov-
ered with a superstrate of thickness 6.286 mm. The spacing
between the antenna and the superstrate is 12 mm. The three-
layer radiating system is infinitely extended in the - plane to
comply with the transmission line analogy in order to calculate
the current at the patch location due to the TE and TM incident
plane waves.

Three superstrates with different values of permeability and
permittivity are studied here as shown in Fig. 5 for ( ,

), Fig. 6 for ( , ), and Fig. 7 for ( ,
). It is observed that the resultant -plane ( ) and
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Fig. 5. The directivity radiation pattern at 2.2 GHz of the patch antenna covered
with a superstrate (� � � and � � �) at � � �� ��, � � ����� ��
and � � ����� ��. (a) 	-plan and (b) 
-plan.

Fig. 6. The directivity radiation pattern at 2.2 GHz of the patch antenna covered
with a superstrate (� � �� and � � �) at � � �� ��, � � ����� ��

and � � ����� ��. (a) 	-plan and (b) 
-plan.

Fig. 7. The directivity radiation pattern at 2.2 GHz of the patch antenna covered
with a superstrate (� � � and � � �) at � � �� ��, � � ����� ��
and � � ����� ��. (a) 	-plan and (b) 
-plan.

-plane ( ) directivity radiation patterns agree well with
HFSS results in the three cases.

Fig. 8 shows a comparison between the analytically and nu-
merically (HFSS) calculated directivity in broadside direction
( ) at 2.2 GHz of the patch antenna covered with a
superstrate having a relative permeability of 1 and varying
relative permittivity . Good agreement is observed between
the two methods.

IV. ARTIFICIAL MAGNETIC STRUCTURE AS A SUPERSTRATE

FOR PLANAR ANTENNAS

The proposed analytical solution is used here to analyze a
MPA loaded with an artificial magnetic superstrate (see Fig. 9).
Fig. 9(a) illustrates a broadside coupled split-ring resonator
(SRR) unit cell acting as a building block of the artificial
magnetic superstrate [7], [24]. The SRR inclusion consists of

Fig. 8. The directivity of MPA shown in Fig. 1 versus the relative permittivity
of the superstrate with � � � at 2.2 GHz, � � ����, � � ������� and
� � ����� ��.

Fig. 9. Geometry of a patch antenna covered with an engineered magnetic
superstrate. (a) SRR unit cell. (b) Photograph of top view. (c) Side view. (d)
Experimental prototype (� � ����� ��, � � � ��, 	 � �� �� and
� � �� ��).

two parallel broken square loops. The host dielectric is made of
Rogers RO4350 with a thickness of 0.762 mm, relative permit-
tivity of , and loss tangent of . A planar
10 10 array of SRRs is printed on the host dielectric layer to
provide the engineered magnetic material. The superstrate used
here consists of 3 layers of printed magnetic inclusions. The
layers are separated by 2 mm of air layers (see Fig. 9(c)).



ATTIA et al.: ANALYTICAL MODEL FOR CALCULATING THE RADIATION FIELD OF MICROSTRIP ANTENNAS 1443

Fig. 10. Analytically calculated relative permeability of the SRR inclusions.

The SRR unit cell is analytically modeled by obtaining its
effective relative permeability as

(12)

where is the surface area of the inclusion , and
are the unit cell sizes in and directions as shown in

Fig. 9(a). The dimensions of the designed SRR unit cell are
, , ,

. The width of metallic strips ( ) is equal to 0.3
mm, and the metallic strips are assumed to be made of copper.
Formulas for , and can be found in [24].

Since the SRRs are aligned in the - plane, the resultant ef-
fective enhanced permeability is provided only in the direction
[7]. Hence, the engineered material composed of the SRR inclu-
sions will experience the anisotropic permeability tensor of

(13)

The analytically calculated effective relative permeability is
shown in Fig. 10.

An effective and -directed permittivity is provided by the
stored electrical energy in the inter-cell capacitors formed in the
gap regions between the metallic SRRs inclusions. In case of a

-directed electric field, the metamaterials superstrate will expe-
rience an effective permittivity equal to that of its host dielectric
as the electric field would be perpendicular to the plane of the
unit cell. Therefore, the artificial magnetic material composed
of the SRRs inclusions will experience anisotropic electric per-
mittivity of [25]

(14)

where

Fig. 11. The �-plane directivity radiation pattern at 2.12 GHz of the patch
antenna covered with the engineered magnetic superstrate.

According to the above formulas, the effective relative per-
mittivity of the designed structure in the and directions
would be equal to 5.62. Substituting the value of permittivity
and permeability from (12) and (14) in the equations presented
in Section II, the electric field of the MPA is calculated at the
desired frequency using (9) and (10) and then integrated to cal-
culate the antenna directivity using (11).

To verify the analytical solution of the far-field, the patch an-
tenna covered with the SRR based artificial magnetic superstrate
(see Fig. 9) has been fabricated, simulated using CST, and mea-
sured. The reason for using CST in this case is that the time do-
main simulation module in CST stimulates the structure using
a broadband signal, broadband stimulation calculates the -pa-
rameters for the entire desired frequency range and the radiation
patterns at various desired frequencies from only one calcula-
tion run. On the other hand, frequency domain solvers such as
HFSS perform a new simulation run for each frequency sample.
Hence, the relationship between calculation time and frequency
steps is linear unless special methods are applied to accelerate
subsequent frequency domain solver runs. Therefore, the time
domain solver usually is fastest when a large number of fre-
quency samples need to be calculated.

The analytical results are compared to the numerical and ex-
perimental results for a MPA having dimensions of 36 mm 36
mm, and is printed on a substrate of Rogers RO4350 having a
relative permittivity of 3.48, loss tangent of and
a thickness of 0.762 mm. The antenna is designed to operate at
the frequency band of 2190–2210 MHz (UMTS) at which the
magnetic superstrate has an effective permeability of about 15
(real part) and a magnetic loss tangent of 0.11 (see Fig. 10).

Fig. 11 shows a comparison between the analytical, numerical
and experimental results of the -plane directivity radiation pat-
tern at the antenna’s resonance frequency of 2.12 GHz, a good
agreement is observed between the three methods. The -plane
directivity radiation pattern of the same structure is shown in
Fig. 12, where the discrepancy in the measured results is be-
lieved to be due to the finite size of the superstrate used here.
These measurement results show that the antenna directivity
equals to 9.6 dB (in the broadside direction) after using the ar-
tificial magnetic superstrate compared to 6.2 dB of the patch
antenna only (see Fig. 5).
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Fig. 12. The �-plane directivity radiation pattern at 2.12 GHz of the patch
antenna covered with the engineered magnetic superstrate.

Fig. 13. The return loss of the microstrip antenna covered with the artificial
magnetic superstrate.

Fig. 13 shows the reflection coefficient in dB of the microstrip
antenna with the artificial magnetic superstrate, good agreement
is observed between the CST and the measured results. We note
that the feed location had to be slightly adjusted to achieve good
matching after using the superstrate due to the loading effect
of the superstrate. The overall profile of the structure is only

where is the free-space wavelength at the resonance
frequency.

The analysis of the MPA covered with engineered superstrate
are performed using Intel(R) Core(TM)2 Quad CPU @2.83
GHz machine, the proposed analytical technique requires 6
minutes and 280 megabytes of RAM using MATLAB, while
the CST simulations for the same structure requires about 5
hours and 2 gigabytes of RAM when 45 cells/wavelength with
total of 2.6 M mesh-cells were used for the entire structure.
However, the analytical technique as presented in this work is
not capable of determining the input impedance.

We emphasis that the analytical method presented in this
paper is not restricted to the case of artificial magnetic super-
strate, and can be used for analysis of any superstrate made of
engineered structure (positive or negative permeability and/or
permittivity) or naturally available material.

V. CONCLUSIONS

A fast and accurate analytical technique was developed to cal-
culate the radiation field of an enhanced directivity microstrip
antenna covered with an artificial magnetic superstrate. The an-
alytical formulation is based on using the cavity model to re-
place the patch antenna by two magnetic line sources. Then, the
reciprocity theorem and transmission line analogy were used to

calculate the far-field of these two magnetic line sources repre-
senting the patch antenna. The proposed analytical model was
implemented and verified by a comparison with a full-wave sim-
ulator for the case of patch antenna covered with different con-
ventional superstrate layers.

As a practical application, the radiation pattern of a patch an-
tenna covered with an artificial magnetic superstrate was calcu-
lated using the analytical method. The broadside coupled split
ring resonator (SRR) inclusions acting as building blocks for the
artificial magnetic superstrate were characterized analytically to
obtain its effective permeability and permittivity to be used in
the analytical model of the whole radiating system. Measure-
ment results were provided to support the analytical solution.
The directivity of the patch antenna covered with the artificial
superstrate was improved by about 3.4 dB while maintaining a
relatively low profile of the whole structure. The analytical for-
mulation introduced here can be extended for the case of a patch
antenna embedded in a multilayered artificial dielectric struc-
ture.
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